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Abstract—The analysis of hybrid phase shift keying-color shift
keying (MPSK-CSK) systems under the additive white Gaussian
noise model is presented. MPSK-CSK systems are formed by
mapping phase shift keying symbols to color shift keying using
Hue-Saturation-Value color space. Analytical expressions of bit
error rate are given for M = 2, 4, 8 and 16, to validate the
simulation results published previously.
Index Terms—Gaussian channel, RF-VLC systems, Error
probability, PSK-CSK mapping, Bit error rate.
I. INTRODUCTION
V ISIBLE light communications (VLC) technology isemerging as a solution to overcome the congested and
scarce radio frequency (RF) wireless spectrum. It is enabled
by the rapid development of light emitting diodes (LEDs)
and the increasing research in communication systems which
use light. VLC is a short-range transmission technology,
hence it cannot be employed without the support of other
communications technologies in many applications. In those
applications, it needs to be fed by a backbone technology
such as the Ethernet network, the global systems for mobile
(GSM), wireless fidelity (WiFi) or power line communications
(PLC). An efficient combination technique of VLC and other
technologies is required in forwarding the original message
over the VLC channel.
On the one hand, phase shift keying (PSK) is adapted over
several types of channel, especially where the amplitude of
the transmitted signal can be totally altered by the impairment
signals (the PLC channel for example). On the other hand,
color shift keying (CSK), which corresponds to the scheme
proposed in the IEEE 802.15.7 standard, is required for high
data transmission over the VLC channel. PLC technology is a
good candidate in sustaining VLC technology since both are
connected in an innate configuration. The two technologies can
be bridged through a mapping between modulation techniques
deployed over their channels, to form an amplify-and-forward
(AF) PLC-VLC scenario [1]. Hence, PSK can be combined
with CSK to integrate PLC and VLC technologies. This com-
bination is proposed in [2], where a set of simulation results
shows the performance of hybrid phase shift keying-color
shift keying (MPSK-CSK) systems over a channel affected
by additive white Gaussian noise (AWGN).
In optical transmission, a square-law detector is used and
the Chi-square model of noise fits better after the photo-
detector. Here, the choice of the AWGN channel is motivated
by several factors: (i) shot noise is well modeled as Gaussian
[3]: Even though its amplitude increases with the signal power,
it is governed by Poisson statistics and its histogram mimics
the bell curve, which is a Gaussian distribution; (ii) thermal
noise is modeled as Gaussian noise by invoking a central
limit theorem (CLT); (iii) noise resulting from interference
sources (sun, incandescent and fluorescent lights) is limited
to the primary sources that are introduced above in (i) and
(ii) as Gaussian. To re-enforce the Gaussianity considered in
this paper, a biased model of color-photodetectors (CPDs) is
used to capture the light. This is due to the fact that a biased
CPD induces into the receiver a great amount of Johnson
noise (modeled as AWGN), in contrast with non-biased CPDs
where the received signal y(t) = η0hx(t) + nT (t) undergoes the
effects of a noise modeled using the Chi-square distribution.
The coefficient η0 (0 ≤ η0 ≤ 1) establishes the presence
or the absence of light (η0 = 0, no-light and η0 = 1, full-
light). x(t) and nT (t) are the transmitted signal and the total
noise, respectively. The parameter h(t) is the channel impulse
response represented in the frequency domain by a 3×3 matrix
and materializing the three single channels (i, j, k) of the
CSK modulation scheme. In general, the noise scenario over
the VLC channel consists of shot and thermal noise that are
considered as primary noise sources. The two noise sources
are combined into a total noise of variance σT given by
σ2T = σ
2
shot + σ
2
th, where σshot and σth are the variances
of shot and thermal noise. For σth  σshot, the variance
of the total noise can be expressed as σ2T = N0B [4] (N0
is the spectral density of AWGN and B is the transmission
bandwidth). This situation is well modeled as AWGN and the
use of biased CPDs reinforces the choice.
The proposed MPSK-CSK mapping scheme is based on
converting a circular constellation (PSK) from the backbone
channel to an ellipsoidal color space (HSV). This scheme
converts two-parameter (r = modulus, θ = phase) of the
complex symbol into a three-parameter (H = hue, S = sat-
uration, V = value) color system. The main motivation of the
scheme analyzed in this paper lies in the fact that altering
the magnitude (r) of the PSK symbol has no effect on the
PSK received symbol while it can be efficiently used to
control lighting and communication over the VLC channel.
The algorithm used in the MPSK-CSK mapping produces
colors (with the same brightness) that carry the re-transmitted
message. Based on the threshold selection technique, the three
received photo-currents are accurately filtered to considerably
reduce crosstalk that is naturally produced in the Red-Green-
Blue channel.
II. SYSTEM MODEL
The MPSK-CSK system model shown in Fig. 1 includes, on
the transmitter side: a circular constellation (PSK), a PSK-to-
2Fig. 1: Model of a MPSK-CSK based on HSV color space
showing transmitter’s and receiver’s blocks.
Fig. 2: MPSK-to-CSK mapping principle: A uniformly spaced
symbol constellation (PSK) is mapped to an ellipsoidal non-
uniformly spaced color space (HSV).
CSK mapper, a power allocation module and RGB-LEDs. On
the receiver side, the optical signal is firstly captured by the
CPD and the induced photo-currents are converted into colors.
The HSV parameters are finally converted into PSK symbols.
In this configuration, the CPDs are biased, and this presents an
advantage which is that at low value of the lighting coefficient
η0, the CPDs are still capable of detecting signals even though
the amplitude is weak. Consequently, a model comparable to
RF-AWGN models is used, owing to the dominance of thermal
noise in respect to all non-Gaussian components of the noise.
The mapping module is shown in Fig 2. It provides, to each
of the transmitted colors, the same level of brightness. This
is based on the amplitude, r, of the complex symbol, which
can be altered in the AF scenario without affecting the PSK
received symbol.
III. ANALYSIS
For an optimal detection, the receiver maximizes the prob-
ability p[C] of correct decision by achieving the maximum a
posteriori detection technique. Let mi (i ∈ {0, 1, 2, . . . ,M −
1}) be the message expected at the output of the receiver, the
correlators produce a vectors given by yi = Hxi + ni [5], [6],
where yi and xi represent the ith received and transmitted
vectors, respectively, and H the CSK channel frequency re-
sponse. The optimal detector chooses the mi that maximizes
p[C] = p[mi|yi] [7], [8]. The design of the MPSK-CSK
optimum receiver uses the 3-dimensional Gaussian density
function [7], [8] and the probability of error, pe, given that
the signal s1 is transmitted and the signal s2 is detected is
Fig. 3: Example of MPSK-CSK highlighting un-equal symbol
energy in constellation of size M > 4: in a) (BPSK-CSK) and
b) (QPSK-CSK) are uniformly spaced, which is not the case
for c) (8PSK-CSK) and d) (16PSK-CSK).
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Fig. 4: Representation of db indicating the points where db is
maximum, which correspond to the upper crossing points of
V(r) and S(r).
given by
pe =
1
2
erfc
( d12
2
√
N0
)
(1)
where d12 is the Euclidean distance between s1 and s2 and
N0 the power spectral density of the AWGN [7]–[9]. Let
db be the distance between symbols in the binary PSK-CSK
constellation. The symbols s1 and s2 are distanced by
db =
√
2
4
[(
1 + cos(2pia)
)(
1 + sin(2pia)
)]
(2)
where a = log[1 + |r|] and, |r| = |α+ jβ|, is the modulus of
the complex PSK symbol. Eq. (2) is derived from the HSV-to-
RGB conversion algorithm where the distance is computed in
the RGB plane. The variation of db with r (over one full cycle
of V(r) and S(r)) is shown in Fig. 4). The probability expressed
in (1) will be maximized for the highest value of db. Hence,
3(2) has to be solved for r that provides maximum values of db.
This optimization problem has a number of solutions that give
the maximum db. The two first values of r giving a maximum
db are 0.1331, 2.0820 as shown in Fig. 4). In all constellation
sizes (see Fig. 3-b), -c) and -d)), the measures of the distance
are performed based on the maximal value of db which is
1.2169. The distances are db = 1.2619 for BPSK-CSK, dq
= 0.8140 for QPSK-CSK, d8 1 = 0.4070, d8 2 = 0.5460 for
8PSK-CSK, and d16 1 = 0.2035, d16 2 = 0.2730 for 16PSK-
CSK (Note that from M ≥ 8, there are two distances, due to the
ellipsoidal form of HSV). The distances can be approximated
using db as db ≈ ρdq , db ≈ 2ρd8 1, db ≈ γd8 2, db ≈ 4ρd16 1
and db ≈ 2γd16 2 (ρ = 1.55 and γ = 2.311). For all MPSK-
CSK constellation sizes, the general expression of the average
symbol energy can be given by
Es = 1.67
log2(M)
2
Eb. (3)
Es is obtained by deriving the symbol energy for each point
of the constellation and averaging them. In a normal MPSK,
the average symbol energy is given by Es = log2(M)Eb. In
this case, Es ≈ 0.835 log2(M)Eb, confirming that the point
are closer to each other when compared to the case of the
normal PSK.
A. Probability of error
Since the HSV constellations are not circular (see Fig. 3),
each point is analyzed individually and the obtained proba-
bilities are averaged [10]. Thus, in BPSK-CSK systems, the
average probability pe is given by
pe =
1
2
erfc
(
1.2619
2
√
Eb
N0
)
. (4)
In QPSK-CSK, the symbols are transmitted two-by-two, with
the same energy. Thus, the probability of error can be ex-
pressed as
pe = erfc
(
1.2619
ρ
√
2
√
Eb
N0
)
− 1
4
[
erfc
(
1.2619
ρ
√
2
√
Eb
N0
)]2
.
(5)
Fig. 3-c shows that in 8PSK-CSK, two of the eight symbols
have their nearest neighbors at the same distance of 0.4070,
two other symbols have theirs at 0.5460 and the remaining
four symbols have their two neighbors uniformly situated at
0.4070 and 0.5460. Hence, the symbols are transmitted with
an error probability that can be averaged as
pe =
1
2
erfc
(
1.2619
4ρ
√
3Eb
N0
)
+
1
2
[
erfc
(
1.2619
2γ
√
3Eb
N0
)]
.
(6)
Similarly, it is shown in Fig. 3-d that in 16PSK-CSK eight
of the symbols have their two nearest neighbors uniformly
situated at 0.2035 while the remaining eight symbols have
their two nearest neighbors at 0.2730. This yields an average
error probability given by
pe =
3
4
erfc
(
1.2619
2γ
3
√
Eb
N0
)
+
1
4
[
erfc
(
1.2619
4ρ
√
Eb
N0
)]
.
(7)
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Fig. 5: Performance of BPSK-CSK for multiple values of db
corresponding to specific values of S(r) and V(r): r ∈ {0.1331,
0.2840, 0.6490, 0.8660, 1.1170, 1.7180, 2.0800.
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Fig. 6: Comparison between BPSK, BPSK-CSK, QPSK-CSK,
8PSK-CSK and 16PSK-CSK for r = 0.1331.
B. M-ary PSK-CSK systems
Even though from M ≥ 8, two measures of distance
are considered, only one distance between symbols, dM , is
assumed in this generalization. dM is expressed as a function
of db. this helps to derive the general expression of the
average probability for MPSK-CSK, for high constellation
sizes (circular approximation of MPSK-CSK constellation).
dM = db sin(θm/2) where θm = 2pi/M (θm is the phase
corresponding to the mth symbol). The approximation to the
error probability for MPSK-CSK systems can then be given
by
pe ≈ erfc
[
sin
( pi
M
)√1.2619 log2(M)
4
√
Eb
N0
]
, (8)
which corresponds to the error probability of the normal
MPSK when the distance between symbols 2 sin(pi/M) is
reduced to 1.2619 sin(pi/M)
IV. NUMERICAL RESULTS
The performance results of BPSK-CSK for multiple values
of r are compared and shown in Fig. 5. The values of r giving
the maximum and minimum crossing points between V(r) and
S(r), and those giving the maximum and minimum S(r) and
415 20 25 30 35 40
Eb/No, dB
10-5
10-4
10-3
10-2
10-1
100
B
it 
Er
ro
r R
at
e
M=8
M=16
M=32
M=64
M=128
M=256
M=512
M=1024
Fig. 7: Error probability for high constellations of MPSK-CSK
for r = 0.1331.
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Fig. 8: Comparison between simulation and analysis perfor-
mances for r = 0.1331
V(r) as shown in Fig. 4. In Fig. 5, the performance is the
same for r = 0.1331 and r = 2.0800. They both correspond to
the two first upper crossing points between V(r) and S(r) and
give the highest db (they are solutions of (2) giving maximum
values of db). Similarly, the same performance is obtained
for r = 0.2840 and r = 1.7180. These values correspond to
the maximum S(r) and V(r), respectively. It clearly shows
that to get the same performance, the lack of chroma can
be compensated by increasing the light intensity and vice-
versa. Such similarities are also obtained for r = 0.6490 and
r = 1.1170. They respectively correspond to V(r) = 0 and
S(r) = 0. MPSK-CSK systems show poor performance when
there is no color or no light. The last performance presented
in Fig. 5 corresponds to the lower crossing point between
V(r) and S(r) (r = 0.8860), it provides low performance of
MPSK-CSK systems due to a low value of db. The rest of
figures (Fig. 6 to 8) are results corresponding to db = 1.2619.
Fig. 6 groups four MPSK-CSK constellations of size 2, 4,
8 and 16 symbols. They correspond respectively to plots of
(4), (5), (6) and (7). The curves are compared to a theoretical
BPSK performance. The gap between the performance of
BPSK and that of BPSK-CSK confirms the decrement of
the distance between symbols from 2 to 1.2619 during the
PSK to CSK mapping. Fig. 7 groups performance for values
of M ∈ {8, 16, . . . , 1024}. It represents the plotting of
(8) for 8 ≤ M≤ 1024. Fig. 8 shows a comparison between
simulation and analytical results for M ∈ {2, 4, 8, 16}. The
dotted lines are simulation results (previously presented in [2])
while continuous lines are analytical results. The discrepancy
observed between dotted and continuous lines is due to the
approximation used in deriving the analytical BER formula
(Eqs. (4)-(7)). The nearness between the continuous and dotted
curves confirms the approximation of the analytical derivation
in respect with the simulation.
V. CONCLUSION
This paper presents derivation and analysis of the error
probability of MPSK-CSK systems for a Gaussian noise
model. First, the distance db is theoretically given in a BPSK-
CSK constellation and then the minimum distance is expressed
in other constellations in terms of db. Second, the average
energy per bit suitable for MPSK-CSK systems is proposed.
Third, the probability of error is derived for 2, 4, 8 and
16MPSK-CSK, and a general expression is given for MPSK-
CSK. The performance of MPSK-CSK is proposed for M ∈
{2, 4, 8, 16, 32, 64, 128, 256, 512, 1024}. The analysis of
the obtained expression of the error probability shows that
the impact of the AWGN vector on the performance of the
system is related to the values of the saturation S(r), the value
V(r) and the modulus r of the complex PSK symbol. The best
performance is obtained for the highest value of db which is
1.2619. This corresponds to the upper crossing point between
V(r and S(r) and will be repeated over cycles of V(r) and S(r).
The worst situation in MPSK-CSK systems will correspond to
the situation where S(r) and V(r) are null. MPSK-CSK systems
find applications in hybrid RF-VLC systems where the RF link
uses PSK in its carrier signal and CSK in the VLC link.
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